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Abstract

The rim region of high-burnup fuels is characterized by an exponential growth of intergranular porosity. In par-

ticular, the understanding of the dynamics of irradiation-induced recrystallization and subsequent gas-bubble swelling

requires a quantitative assessment of the nucleation and growth of grain-boundary bubbles. Calculations of bubble

growth on the grain boundaries of irradiated nuclear fuels at relatively low temperatures have, in general, been per-

formed under the assumption that these bubbles are not appreciably affected by irradiation-induced gas-atom re-

solution. In contrast, matrix bubbles are strongly affected by this bubble shrinkage mechanism and as a consequence are

generally two to three orders or more of magnitude smaller than the grain-boundary bubbles. A variational method is

used to calculate diffusion from a spherical fuel grain. The junction position of two trial functions is set equal to the

bubble gas-atom knock out distance. The effect of grain size, gas-atom re-solution rate and diffusivity, gas-atom knock

out distance, and grain-boundary bubble density on the growth of intergranular bubbles is studied, and the conditions

under which intergranular bubble growth occurs are elucidated.

� 2003 Elsevier B.V. All rights reserved.
1. Introduction

After a short period of irradiation, the intragranular

structure of UO2 is populated with a high-density (�1023

m�3) of small (r � 10�9 m) bubbles [1], separated by �5–

10 bubble diameters. In general, observations that

bubbles confined to the bulk (lattice) material of irra-

diated nuclear fuels do not grow to appreciable sizes at

low temperatures (fuel temperatures where the gas-atom

diffusivity is irradiation enhanced, i.e. <0.5 melting

temperature) are ascribed to the effect of irradiation-

induced re-solution [2,3]. Gas-atom re-solution is a dy-

namic bubble shrinkage mechanism wherein fission

fragments either directly or indirectly cause gas atoms to
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be lost from a bubble. Only when sinks, such as grain

boundaries, are present in the material can bubbles grow

to sizes observable with a scanning electron microscope

[4]. Most calculations on intergranular gas behavior

found in the literature have focused on the condition for

grain-face saturation and have not addressed the specific

mechanics of intergranular bubble growth in the pres-

ence of irradiation-induced re-solution [5–8]. This au-

thor has performed calculations of grain-boundary

bubble growth under the assumption that the effective

gas-atom re-solution rate from grain-boundary bubbles

is negligible [9–11]. This assumption has relied on heu-

ristic arguments [12] that the strong sink-like nature of a

grain boundary provides a relatively short recapture

distance for gas that has been knocked out of a bubble,

and as such neutralizes the �shrinking’ effect of the re-

solution process. These grain-boundary bubbles grow

at an enhanced rate as compared to those in the

bulk material. The importance of understanding the

physics underlying intergranular bubble growth is under-

scored by the rim region of high-burnup fuels which are
ed.
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characterized by an exponential growth of intergranular

porosity towards the pellet edge: a narrow band of fully

recrystallized porous material exists at the pellet pe-

riphery, and a rather wide adjacent transition zone with

partially recrystallized porous areas appears dispersed

within the original matrix structure [13]. In particular,

the understanding of the dynamics of irradiation-

induced recrystallization and subsequent gas-bubble

swelling requires a quantitative assessment of the nu-

cleation and growth of grain-boundary bubbles [11,13].

The purpose of this paper is to present a mechanistic

model for the growth of grain-boundary bubbles during

irradiation at relatively low temperatures (i.e. where gas-

atom diffusion is athermal) and, thus, to quantify the

effect of gas-atom re-solution on their growth. A varia-

tional method is used to calculate diffusion from a

spherical fuel grain. The junction position of two trial

functions is set equal to the bubble gas-atom knock out

distance. The effect of grain size, gas-atom re-solution

rate and diffusivity, gas-atom knock out distance, and

grain-boundary bubble density on the growth of inter-

granular bubbles is studied, and the conditions under

which intergranular bubble growth occurs are eluci-

dated.
2. Flux algorithm

The flux of gas atoms diffusing to the grain bound-

aries in a concentration gradient is obtained by solving

for the concentration of gas atoms Cg within a spherical

grain that satisfies the equation

oCg

ot
¼ 1

r2
o

or
Dgr2

oCg

or

� �
þ af

�
þ f

�
ðkÞboundary; ð1aÞ

where Dg is the gas-atom diffusion coefficient, f
�
is the

fission rate, a is the average number of rare-gas atoms

produced per fission, and r is the radial distance from

the grain center, and f
�
ðkÞboundary is the flux of gas atoms

from the boundary bubbles due to irradiation-induced

re-solution. This back flux of gas can be thought of as an

additional matrix gas-atom generation mechanism and

is assumed to be distributed uniformly within a spherical

annulus of thickness k, where k is the gas-atom knock

out distance. In Eq. (1), intragranular bubble trapping

of fission gas has been neglected. However, this effect

can be modeled by using an effective diffusion coefficient

given by [12]

Deff
g ¼ b

bþ g
Dg; ð1bÞ

where b is the gas-atom re-solution rate and g is the

probability per second of a gas atom in solution being

captured by an intragranular bubble. Observed con-
centrations �1023 m�3 of intragranular bubbles of �1

nm radius [12] with b ¼ 2� 10�4 s�1 yields a value for

g ¼ 2:5� 10�4 s�1 and Deff
g ¼ 0:44Dg.

In general, Eq. (1a) is solved with the boundary

conditions

Cg ¼ 0 at t ¼ 0 for 06 r6 dg=2; ð2aÞ
Cg ¼ 0 at r ¼ dg=2 for t0 6 t6 t0 þ dt; ð2bÞ
oCg

or
¼ 0 at r ¼ 0 for t0 6 t6 t0 þ dt; ð2cÞ

where dt is an increment of time and dg is the grain di-

ameter. For an increment of time dt the concentration of

gas atoms in a spherical grain described in Eq. (1a) is

1

r2
d

dr
Dgr2

dCg

dr

� �
� Cg

dt
þ
C0

g

dt
þ af

�
þ f

�
ðkÞboundary ¼ 0:

ð3Þ

Euler’s theorem may now be used to obtain a variational

principle equivalent to Eq. (3):

d
Z 1=2dg

0

4p
Dg

2

dCg

dr

� �2
"

þ
C2

g

2dt

�
C0

g

dt

 
þ af

�
þ f

�
ðkÞboundary

!
Cg

#
r2 dr ¼ 0; ð4Þ

which assumes that Dirichlet boundary conditions are to

be applied. An approximate solution to the problem

may now be obtained by choosing a trial function that

satisfies the boundary conditions and minimizes the in-

tegral in Eq. (4) in terms of free parameters in the

function. Many types of trial function could be chosen,

but it is easier to work with piecewise functions than

global functions. Quadratic functions are attractive be-

cause they allow an exact representation of Eq. (1a) for

long times. Matthews and Wood [14] obtained a realistic

level of accuracy with a minimum of computer storage

and running time by splitting the spherical grain into

two concentric regions of approximately equal volume.

In each region, the gas concentration was represented by

a quadratic function. In the inner region the concen-

tration function was constrained to have dCg=dr ¼ 0 at

r ¼ 0. In the outer region, the concentration function

was constrained to a value of Cg ¼ 0 at r ¼ dg=2. The
two functions were also constrained to be continuous at

the common boundary of the two regions. This left three

free parameters: the concentrations Cg
1 ;C

g
2 , and Cg

3 , re-

spectively, for the radius ratio q1 ¼ 0:2, q2 ¼ 0:4, and
q3 ¼ 0:45, where q ¼ r=dg. These positions are the

midpoint radii of the inner region, the boundary be-

tween the regions, and the midpoint radius of the outer

region, respectively.



J. Rest / Journal of Nuclear Materials 321 (2003) 305–312 307
However, this method is too crude if one is interested

in an accurate representation of the concentration gra-

dient in the presence of irradiation-induced re-solution

from grain-boundary bubbles where the gas-atom knock

out distance k is on the order of 100 �AA [15]. In this case it

is necessary to formulate the problem in terms of k. The
radius ratio at the interface of the two regions is now

expressed as

qk ¼ 1=2� k=dg: ð5Þ

The trial functions are as follows:

For the inner region,

CgðqÞ ¼ 4½Cg
1ðq2

k � q2Þ þ Cg
2ðq2 � q2

k=4Þ�=3q3
k: ð6Þ

For the outer region,

CgðqÞ ¼
Cg

2

ð2qk � 1Þ2
½8q2 � 2ð2qk þ 3Þqþ 2qk þ 1�

þ 8Cg
3

ð2qk � 1Þ2
½ð2qk þ 1Þq� 2q2 � qk�: ð7Þ

Eqs. (6) and (7) are substituted for Cg in Eq. (4) and an

extremum is found by differentiating with respect to Cg
1 ,

Cg
2 , and Cg

3 . This results in a set of three coupled alge-

braic equations that can be directly solved to obtain the

concentrations Cg
1 , C

g
2 , and Cg

3 , as follows:

Cg
1 ¼

X1 � F2C
g
2

F1
; ð8Þ
Cg
2 ¼

F2
F1

X1 þ
F4
F5

X3 � X2

F2
F1

F2 þ
F4
F5

F4 � F3
; ð9Þ

and

Cg
3 ¼ ðX3 � F4C

g
2Þ=F5; ð10Þ

where

F1 ¼ q1Dg dt=d2
g þ q2;

F2 ¼ q3Dg dt=d2
g þ q4;

F3 ¼ q5Dg dt=d2
g þ q6;

F4 ¼ q7Dg dt=d2
g þ q8;

F5 ¼ q9Dg dt=d2
g þ q10;

ð11Þ

and

X1 ¼ af
�
dtq11 þ C0

1q2 þ C0
2q4;

X2 ¼ af
�
dtq12 þ C0

1q4 þ C0
2q6 þ C0

3q8;

X3 ¼ ðaf
�
þ f

�
boundaryÞdtq13 þ C0

2q8 þ C0
3q10;

ð12Þ
where C0
1 ;C

0
2 , and C0

3 are the values of the concentrations

at the evaluation points at the start of the time incre-

ment. The various q coefficients are integrals that de-

pend on q and are given in Appendix A.

The flux of gas atoms to the boundary (in units of

atoms/m3/s) is given by

J ¼ � 4Dg

dg

oC
oq

����
q¼1=2

; ð13Þ

or

J ¼ 4Dg

dgð1� 2qkÞ
ð4Cg

3 � Cg
2Þ: ð14Þ

When qk ¼ 0:4 Eqs. (6), (7) and (14) reduce to those

derived in Ref. [14] for the special case of fixed spatial

nodes (Ref. [14] defines q ¼ 2r=dg. Thus q ! q=2 to

convert from the present treatment to the one described

in Ref. [14]). The variational method described above

has been compared to finite difference calculations.

Suitable choice of step length d results in insignificant

time-step sensitivity with comparable accuracy to the

finite difference approach with one-fifth–one-tenth

computer time [16].
3. Grain-boundary bubble growth

The bubble radius Rb is calculated using the Van der

Waals equation of state, i.e.

2c
Rb

4

3
pR3

b

�
� bvn

�
¼ nkT ; ð15Þ

where c is the surface tension, T is the temperature in K,

k is Boltzman’s constant, bv is the Van der Waals con-

stant, and n is the number of gas atoms in a grain-

boundary bubble, i.e.

nðtÞ ¼
X
dt

ðfcJðtÞ=Nb þ zð1� fcÞDgCb
g � bnðtÞÞdt; ð16Þ

where b is the gas-atom re-solution rate (s�1), fc � pr2bNb

is the fractional coverage of the grain boundary by

bubbles, z is a grain-boundary diffusion enhancement

factor, Nb is the total number of bubbles on the

boundary (bubbles/m2), and Cb
g is the gas-atom con-

centration on grain boundaries (atoms/m2), i.e.

Cb
g ¼

X
dt

ð1
�

� fcÞJðtÞ � zDgCb
gNb

�
dt: ð17Þ

When fc is small (e.g., during the initial stages of

boundary bubble growth) most of the gas reaching the

boundary exists as single gas atoms and diffuses by

random walk to the boundary bubbles. This is analo-

gous to gas-atom accumulation by bubbles in the grain

interior. When fc is large, the majority of the gas
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Fig. 1. Calculated bubble diameter vs. fission density for three

values of grain size. The arrow shows the point at which the

grain-boundary bubbles interlink.

Table 1

Nominal values of key parameters used in the calculation

Parameter Value Reference

308 J. Rest / Journal of Nuclear Materials 321 (2003) 305–312
reaching the boundary flows directly into boundary

bubbles. The grain-boundary enhancement factor, z,
accounts for the general view that gas-atom diffusion on

the boundary is more rapid than in the matrix due to the

existence of more space and sites (e.g., ledges) from

which and to which the gas atoms can hop.

In general, the gas-atom re-solution rate, b, is de-

pendent on the damage rate and on the bubble size. b is

calculated under the assumption that gas-atom re-solu-

tion from a spherical bubble is isotropic and proceeds by

the ejection of single gas atoms. Thus,

b ¼ 3b0f
�

Rb

Z Rb

Rb�k

1þ cos/
2

� �
r2 dr; ð18Þ

where b0 is a constant and

cos/ ¼ ðR2
b � k2 � r2Þ=2rk: ð19Þ

Gas atoms that are knocked out of grain-boundary

bubbles (the second term on the right-hand side of Eq.

(16)) are evenly dispersed within an annulus of thickness

k adjacent to the grain boundary. This backward flux of

gas atoms affects the concentration gradient of gas

atoms from the matrix to the boundary, and thus the

overall flux of gas atoms to the boundary. Thus, this

backward flux of gas atoms, in atoms/m2/s, can be

thought of as an additional matrix gas-atom generation

mechanism (last term on the right-hand side of Eq. (1a))

and is given by

f
�
ðkÞboundary ¼

3bNbnðtÞ
dg

V
Vk

; ð20Þ

where V is the volume of the grain and Vk is the volume

of the annulus of thickness k within which the backward

flux of gas atoms from the boundary bubbles is depos-

ited. In Eq. (20), the first ratio on the right-hand side

represents the backward flux of gas (atoms/m3/s) and the

second ratio the fraction of the intragranular volume

within which this gas is deposited. This value is inde-

pendent of k. Thus, as k decreases Vk becomes smaller

and f
�
ðkÞboundary increases.

Finally, the fractional gas release to the grain

boundary F is given by

F ¼ 3

dg
P

dt af
�
dt

X
dt

ðJðtÞ � bnðtÞNbÞdt: ð21Þ
Dg 2· 10�19 m2/s [18]

b0f
�

2· 10�4 s�1 [19]

k 5· 10�8 m [15]

Nb 1· 1012 m�2 [20]

z 10 This work

dg 5· 10�6 m

T 373 K
4. Analysis of bubble growth on grain boundaries

Bubble growth on grain boundaries will continue

until a saturation condition is reached wherein the

bubbles initiate contact with each other. Subsequently

these bubbles link up and vent their gas to the grain
edges where, once tunnels of open porosity form the gas

is released to the fuel exterior [4]. The saturation con-

dition is given by

fc ¼ pN s
bR

2
b sin

2 hb ¼ fb; ð22Þ

where the bubbles are lenticular-shaped pores compris-

ing spherical caps which are joined in the plane of the

boundary with dihedral angle 2h ¼ 100� [17], and fb is

the value of the fractional coverage of the grain

boundary by bubbles when saturation occurs. Swelling

on the grain face saturates at a value of fb � 0:25 [5].

Fig. 1 shows the calculated bubble diameter vs. fis-

sion density for three values of grain size. The nominal

values of key parameters used in the calculation of Fig. 1

are listed in Table 1. The severity of irradiation-induced

re-solution of gas atoms from the boundary to the ma-

trix on intergranular bubble growth is dependent on the

ratio k=dg: smaller values of k=dg lead to larger values

for the flux J . As shown in Fig. 1, the calculated inter-

granular bubble sizes are larger for larger grain diame-

ters (i.e. smaller values of k=dg). The arrow in Fig. 1

shows the point at which the grain-boundary bubbles

interlink as given by Eq. (22). The effect of calculated

grain-boundary bubble diameter on the value of k=dg for
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at which the grain-boundary bubbles interlink.
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a fixed grain size and variable k is demonstrated in Fig. 2

where calculated bubble diameter vs. fission density is

shown for three values of gas-atom knock out distance.

Decreasing the value of k (i.e. smaller values of k=dg)
leads to larger fluxes and a commensurate increase in the

calculated bubble size.

Fig. 3 shows calculated bubble diameter vs. fission

density for three values of gas-atom diffusivity. Higher

gas-atom diffusion rates result in a greater flux of gas

atoms to the boundary (see, Eqs. (13) and (14)) and,

thus, larger bubble sizes (a la Eqs. (15) and (16)).

Fig. 4 shows calculated bubble diameter vs. fission

density for three values of gas-atom re-solution rate. The

re-solution rate that is being varied here is b0f
�
, i.e.

the term in Eq. (18) that is independent of bubble size.

The strength of the gas-atom re-solution rate works

counter to that of the gas-atom diffusivity; larger values

of the gas-atom re-solution result in a smaller net flux of

gas atoms to the boundary (see Eq. (16)) and, hence,
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Fig. 2. Calculated bubble diameter vs. fission density for three

values of gas-atom knock out distance.
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smaller grain-boundary boundary bubble sizes. The

arrow in Fig. 4 shows the point at which the grain-

boundary bubbles interlink. The effect of the back flux

of gas atoms can also be seen in Fig. 5, which shows the

calculated fractional gas release to grain boundary vs.

fission density for three values of gas-atom re-solution

rate. For re-solution rates in Fig. 5 of 2· 10�4 and

2· 10�3 s�1 the fractional gas release decreases after an

initial increase. This behavior is due to the growing

strength of the back flux of gas atoms as the number of

gas atoms in boundary bubbles increases (e.g., see last

term in Eq. (16)).

Fig. 6 shows the calculated gas-atom concentration

vs. fractional grain diameter across the outer annulus of

width k at a fission density of 1 · 1027 m�3 for three

values of gas-atom re-solution rate. Higher values of gas-

atom re-solution rate result in a stronger back flux of gas

atoms into the lattice, and thus a larger concentration of
Fission Density (1027m-3)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

F
ra

ct
io

na
lG

as
R

el
ea

se

0.2

0.3

0.4

0.5

0.6

b=2x10-5 s-1

b=2x10-4 s-1

b=2x10-3 s-1

Fig. 5. Calculated fractional gas release to grain boundary vs.

fission density for three values of gas-atom re-solution rate.



Fractional Grain Diameter

0.4990 0.4992 0.4994 0.4996 0.4998 0.5000

G
as

A
to

m
C

on
ce

nt
ra

tio
n

(1
024

m
-3

)

0.0

0.5

1.0

1.5

2.0

2.5

b=2x10-5 s-1

b=2x10-4 s-1

b=2x10-3 s-1

λ

Fig. 6. Calculated gas-atom concentration vs. fractional grain

diameter across the outer annulus of width k at a fission density

of 1· 1027 m�3 for three values of gas-atom re-solution rate.

Fission Density (1027m-3)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

B
ub

bl
e

D
ia

m
et

er
(n

m
)

0

100

200

300

400

z=100
z=10
z=1

Fig. 8. Calculated bubble diameter vs. fission density for three

values of grain-boundary diffusion enhancement factor.

Fission Density (1027m-3)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

B
ub

bl
e

D
ia

m
et

er
(n

m
)

0

100

200

300

400

500

Nb=1x1011 m-2

Nb=1x1012 m-2

Nb=1x1013 m-2

Fig. 9. Calculated bubble diameter vs. fission density for three

values of grain-boundary bubble density.

310 J. Rest / Journal of Nuclear Materials 321 (2003) 305–312
gas within the adjacent annulus of width k. Although

Fig. 6 indicates that the flux of gas to the boundary

increases for larger values of the gas-atom re-solution

rate, the net flux decreases due to the larger back flux of

gas into the lattice. This is clear from Fig. 7 which shows

the calculated net flux of gas atoms to the grain

boundary vs. fission density for the three values of the

gas-atom re-solution rate.

Fig. 8 shows the calculated bubble diameter vs. fis-

sion density for three values of grain-boundary diffusion

enhancement factor. As expected, larger values of grain-

boundary gas-atom diffusivity lead to larger boundary

bubble sizes due to the increased flux of gas atoms into

the bubbles. The estimated value of the effective intra-

granular diffusion coefficient given by Eq. (1b) that ac-

counts for gas-atom trapping by intragranular bubbles is

well within the range of diffusivities explored in Fig. 8.
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Fig. 7. Calculated net flux of gas atoms to the grain boundary
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Fig. 9 shows the calculated bubble diameter vs. fis-

sion density for three values of grain-boundary bubble

density. The calculated bubble size increases for smaller

values of the grain-boundary bubble density due to the

larger number of gas atoms per bubble.

The temperature used in Figs. 1–9 is 373 K. This low

temperature was selected in order to be fully in the

athermal, irradiation-enhanced regime. An increase in

the temperature (e.g., to 746 K characteristic of the rim

region in UO2 fuel) will, according to Eq. (15), produce

a proportionate increase (e.g., doubling) of the bubble

diameter.
5. Discussion and conclusions

The effect of irradiation-induced re-solution on the

growth of grain-boundary bubbles is not negligible.

However, in contrast to bubbles formed in the bulk
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material most intergranular bubbles are able to grow to

appreciable sizes (i.e. to sizes where grain-face saturation

is initiated) due to the following factors. Firstly, with the

exception of grains that have extremely high values of

boundary area per unit volume (e.g., sub-micron size

grains), the flux of gas atoms in a concentration gradient

from the matrix to the boundary provide a growth

mechanism (i.e. high concentrations of gas and en-

hanced diffusion) that is much stronger than the bubble

growth mechanism in the lattice. Secondly, given the

relatively small size of the gas-atom knock out distance

k, gas atoms that are ejected from boundary bubbles find

their way back (via the chemical potential gradient) to

the boundary in relatively short times. Thirdly, bubble

nucleation [21] and growth, linkup, venting, and refor-

mation processes [4,22] on grain boundaries results in

bubble densities that are far smaller than observed in the

bulk material. For example, an intergranular bubble

density of 1 · 1013 m�2 is equivalent to a bubble density

of 2 · 1018 m�3 for a grain size of 5 · 10�6 m. This is to be

compared to observe intragranular bubble densities that

are on the order of 1023 m�3.

The reason for the smaller density of bubbles on the

grain boundary as compared to the bulk is also due to

the relatively rapid arrival rate of gas atoms to a grain

boundary that has substantially smaller volume than the

bulk grain. Thus, early in the irradiation the gas-atom

interaction rate on the boundary is relatively high

leading to an initial rapid nucleation of gas bubbles [3].

These evolving gas bubbles act as sinks for the newly

arriving gas and deplete the boundary of single gas

atoms thus reducing bubble nucleation. When the

projected area coverage of the boundary by bubbles

becomes significant, the direct getting of gas atoms

arriving from the lattice by the boundary bubbles aug-

ments this process. Conversely, within the matrix, al-

though the bubble nucleation rate is initially smaller

than on the boundary, the nucleation continues for a

longer time leading to a substantially larger, albeit sig-

nificantly smaller sized population of bubbles [23].

The analysis presented in this paper lacks a calcu-

lation for the evolution of the intergranular bubble-size

distribution. Instead, the intergranular bubble density

is an input parameter (see Table 1). In order to cal-

culate the intergranular bubble density a suitable model

for bubble nucleation on grain boundaries is required

(such as that developed by Wood and Kear [21]). In

the model presented in Ref. [21], the intergranular

bubble density rises to a steady-state value relatively

early in the irradiation. Although such a calculation is

valuable, it was felt that its incorporation was outside

of the scope of the present work and would not affect

the general conclusions iterated above. However, given

an estimate of the intergranular bubble density (e.g., at

low burnup) the condition for grain face saturation (i.e.

the burnup at which saturation occurs, e.g., see Figs. 1
and 4) can be calculated and compared directly with

observation.
Appendix A

The various q coefficients used in Eqs. (8)–(12) are

integrals which when evaluated are given by

q1 ¼ 29q=45;
q2 ¼ 210q3=945;
q3 ¼ �q1;
q4 ¼ 26q3=189;
q5 ¼ q1 þ
4

ð2q� 1Þ4
16=5
�

� 29q5=5þ ð2qþ 3Þ

� 25q4
�

þ ð2qþ 3Þð1� 8q3Þ=3� 2Þ
�
;

q6 ¼ 856q3=945þ 1

ð2q� 1Þ4
4ð1� ð2qÞ7Þ=7
�

þ 2ð2qþ 3Þðð2qÞ6 � 1Þ=3þ 4ð2qþ 1Þ

� ð1� ð2qÞ5Þ=5þ ð2qþ 1Þð2qþ 3Þðð2qÞ4 � 1Þ=2

þ ð2qþ 3Þ2ð1� ð2qÞ5Þ=5þ ð2qþ 1Þ2

� ð1� ð2qÞ3Þ=3
�
;

q7 ¼
16

ð2q� 1Þ4
8ðð2qÞ5
�

� 1Þ=5þ ð1� ð2qÞ4Þð3qþ 5=2Þ

þ ð2qþ 1Þð2qþ 3Þðð2qÞ3 � 1Þ=3
�
;

q8 ¼
1

ð2q� 1Þ4
8ðð2qÞ7
�

� 1Þ=7þ 2ð1� ð2qÞ6Þð6qþ 5Þ=3

þ 8ðð2qÞ5 � 1Þð2q2 þ 7qþ 2Þ=5þ ð1� ð2qÞ4Þ

� 8q2
�

þ 10qþ 1Þ þ 8qð2qþ 1Þðð2qÞ3 � 1Þ=3
�
;

q9 ¼
64

ð2q� 1Þ4
4ð1
�

� ð2qÞ5Þ=5þ ð2qþ 1Þ

� ðð2qÞ4 þ ð2qþ 1Þð1� ð2qÞ3Þ=3� 1Þ
�
;

q10 ¼
16

ð2q� 1Þ4
ð1
�

� ð2qÞ7Þ=7� 2ð2qÞ6=5� ð2qÞ5=3

þ ð2qþ 1Þ2ð1� ð2qÞ5Þ=5þ ð2qþ 1Þðð2qÞ6=3

þ ð2qÞ5=2� q� 1=3Þ þ 4q2=3þ 4q=5
�
;
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q11 ¼ 26q3=45;
q12 ¼
56

45
q3 þ 1

ð2q� 1Þ2
2ð1
�

� ð2qÞ5Þ=5þ ð2qþ 3Þ

� ðð2qÞ4 � 1Þ=4� ð2qþ 1Þðð2qÞ3 � 1Þ=3
�
;

q13 ¼
1

ð2q� 1Þ2
4ðð2qÞ5
�

� 1Þ=5þ ð2qþ 1Þð1� ð2qÞ4Þ

þ 8qðð2qÞ3 � 1Þ=3
�
:
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